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a b s t r a c t
Suppose Kv is the complete undirected graph with v vertices and G is a finite simple
undirected graph without isolated vertices. A G-packing of Kv is a pair (X,B), where X is
the vertex set of Kv and B is a collection of edge-disjoint subgraphs (blocks) isomorphic
to G in Kv . A G-packing (X,B) is called resolvable if B can be partitioned into parallel
classes such that every vertex is contained in precisely one block of each class. Let (v,G, 1)-
MRP denote a resolvable G-packing containing the maximum possible number r(v,G)
of parallel classes. Suppose e(G) and V (G) are the number of edges and the vertex set
of the graph G, respectively. Let k = |V (G)|. Clearly, v ≡ 0 (mod k) and r(v,G) ≤
bk(v − 1)/2e(G)c for a (v,G, 1)-MRP. Let K4 − e be the graph obtained from a K4 by
removing one edge. It is proved in this paper that there exists a (v, K4 − e, 1)-MRP with
b2(v − 1)/5c parallel classes if and only if v ≡ 0 (mod 4) with the possible exceptions of
v = 12, 116, 132, 172, 232, 280, 292, 296, 372, 412, 532, 592, 612.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let Kv be the complete undirected graph with v vertices. Let G be a finite simple undirected graph without isolated
vertices. A G-packing of Kv , denoted by (v,G, 1)-packing, is a pair (X,B), where X is the vertex set of Kv andB is a collection
of edge-disjoint subgraphs (called blocks) isomorphic to G in Kv . A (v,G, 1)-packing (X,B) is calledmaximum if |B| ≥ |B ′|
for any (v,G, 1)-packing (X,B ′).
The packing number, denoted by p(v,G), is defined to be the maximum number of G-blocks in a (v,G, 1)-packing. The
determination of p(v,G) has attracted considerable attention. For G = K3 and K4, the values of p(v,G)were determined by
Schönheim [17] (see also Stanton and Rogers [18]) and [4], respectively. The solution to all graphs of four vertices or less
was presented in a paper by Roditty [16]. Recently the values of p(v,G) for certain graphs of five vertices have been also
considered, see, e.g. [19].
A (v,G, 1)-packing (X,B) is called resolvable if the block set B can be partitioned into classes (called parallel classes)
such that every vertex is contained in precisely one block of each class.
A resolvable (v,G, 1)-packing is called maximum if it has maximum possible number of parallel classes. A maximum
resolvable (v,G, 1)-packing is denoted by (v,G, 1)-MRP. Suppose e(G) is the number of edges of the graph G and V (G) is
the vertex set of the graph G. Let k = |V (G)|. Let r(v,G) denote the maximum possible number of parallel classes in a
(v,G, 1)-MRP. For a (v,G, 1)-MRP, it is readily verified that v ≡ 0 (mod k) and r(v,G) ≤ bk(v − 1)/2e(G)c, where bxc is
the largest integer not exceeding x. For a given graph G and a positive integer v ≡ 0 (mod k), the packing problem here
is to construct a resolvable (v,G, 1)-packing with bk(v − 1)/2e(G)c parallel classes, which is the best possible resolvable
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packing. For G = K3, by Ray-Chaudhuri and Wilson [14], Kotzig and Rosa [12], Baker and Wilson [1], Brouwer [3] and Rees
and Stinson [15], there exists a (v, K3, 1)-MRPwith b(v−1)/2c parallel classes with 2 exceptions (v = 6, 12) if v ≡ 0 (mod
3). For G = K4, there exists a (v, K4, 1)-MRP with b(v − 1)/3c parallel classes with 3 exceptions (v = 8, 12, 20) and 18
possible exceptions if v ≡ 0 (mod 4), see Ge et al. [8].
Now let K4−e be the graph obtained from a K4 on the vertex set {a, b, c, d} by removing one edge.We shall use {a, b, c; d}
to denote the K4 − e on the vertex set {a, b, c, d} missing the edge {c, d}. The values of p(v, K4 − e) were determined by
Hoffman et al. [11]. For maximum resolvable (K4 − e)-packings, obviously we have the following Lemma.
Lemma 1.1. Let (X,B) be a (v, K4 − e, 1)-MRP, then v ≡ 0 (mod 4) and r(v, K4 − e) ≤ b2(v − 1)/5c.
Themain purpose of this paper is to investigate the existence problem on a (v, K4−e, 1)-MRPwith b2(v−1)/5c parallel
classes. We shall solve the problem with 13 possible exceptions with v = 612 being the largest.
2. Basic construction techniques
In this section, we will introduce some basic techniques for constructing a (v, K4− e, 1)-MRP with b2(v− 1)/5c parallel
classes.
Firstly, we need the following definitions. The reader may refer to [5] for more notations and definitions which are not
presented in this paper.
A group divisible design (GDD) is a triple (X,G,B) which satisfies the following properties: (i) X is a finite set of points,
(ii) G is a partition of X into subsets called groups, (iii)B is a set of subsets (called blocks) of X , such that a group and a block
contain at most one common point, and every pair of points from distinct groups occur in exactly one block.
The type of a GDD is the multiset {|G|,G ∈ G}. We shall use an ‘‘exponential’’ notation to describe types: so type
gu11 g
u2
2 · · · gukk denotes ui occurrences of gi, 1 ≤ i ≤ k, in the multiset. A group divisible design (X,G,B) is called resolvable if
the block setB can be partitioned into parallel classes, each forming a partition of X .
A (K4−e) group divisible design (denoted by (K4−e)-GDD) of type g1g2 · · · gs is a triple (X,G,B), whereG is a partition of
X into groups (holes) of size gi,B is an edge-disjoint decomposition of the edge set of Kg1,g2,...,gs (the multipartite complete
undirected graph with G as the partition of the vertex set X) into copies of (blocks) K4 − e. Let (K4 − e)-RGDD denote a
resolvable (K4 − e) group divisible design.
If (X,G,B) is a (K4 − e)-GDD in which the blocks can be partitioned into holey parallel classes, each forming a partition
of X \ G for some G ∈ G, then this (K4 − e)-GDD (X,G,B) is called a (K4 − e)-frame. The known results on the existence of
(K4 − e)-frames can be summarized as follows.
Theorem 2.1 ([6,9]). The necessary conditions for the existence of a (K4 − e)-frame of type hu, namely, u ≥ 4, h(u − 1) ≡
0 (mod 4), h ≡ 0 (mod 5), are also sufficient except possibly when
(1) h ≡ 10 (mod 20) and u = 23, 27.
(2) h = 40 and n = 8, 12.
For recursion, we will also need the following (K4 − e)-frame.
Lemma 2.2. There exists a (K4 − e)-frame of type 404201.
Proof. Let the vertex set be Z160 ∪ {∞i : 0 ≤ i ≤ 19}, and let the group set be {{0, 4, 8, . . . , 156} + i : 0 ≤ i ≤ 3} ∪ {∞i :
0 ≤ i ≤ 19}. The desired design is obtained by adding 1 (modulo 160) successively to the following base blocks, where the
subscripts on∞ are evaluated modulo 20 in Part 2 and Part 3.
Part 1: {0, 1, 3; 6}, {0, 7, 17; 22},
Part 2: {50,∞8, 77; 95}, {66, 139, 125; 89}, {14, 69, 27; 3}, {111, 9, 42;∞19}, {17, 147, 94; 58}, {22,∞6, 87; 1},
{149,∞5, 71; 102}
Part 3: {123, 105,∞5; 154}, {1, 39, 82; 142}, {2, 133, 63; 99}, {6, 157, 43;∞3}, {10, 119, 45; 145}, {15, 121, 54;∞16},
{19,∞6, 94; 117}.
Here, adding 0, 4, . . . , 156 (modulo 160) to the elements of each block in Part 1 generates an initial partial parallel class
missing {∞i : 0 ≤ i ≤ 19}. Adding 0, 32, 64, 96, 128 (modulo 160) to the elements of the blocks in each of Part 2 and Part
3 form an initial partial parallel class missing {0, 4, . . . , 156}. The conclusion then follows. 
Let K -GDD denote a group divisible designwith block sizes from a set of K . If K = {k}, then a {k}-GDD of type nk is called
a transversal design and denoted by TD(k, n). The existence of a resolvable TD(k, n) (denoted by RTD(k, n)) is known to be
equivalent to the existence of a TD(k + 1, n). It is also well known that the existence of a TD(k, n) is equivalent to the
existence of k− 2mutually orthogonal Latin squares (MOLS) of order n. We will make use of the following results.
Lemma 2.3 ([5]).
(1) There exists an RTD(3, n) for every integer n ≥ 2 and n 6= 2, 6.
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(2) There exists a TD(6, n) for every integer n ≥ 5 and n 6= 6, 10, 14, 18, 22.
(3) Three exists a TD(7, n) for every integer n ≥ 7 and n 6= 10, 14, 15, 18, 20, 22, 26, 30, 34, 38, 46, 60, 62.
(4) Let q be a prime power, then there exists a TD(k, q) for every positive integer k ≤ q+ 1.
An incomplete (K4 − e) group divisible design, denoted by (K4 − e)-IGDD, is a quadruple (X,H,G,B) which satisfies the
following properties: (i)G = {G1,G2, . . . ,Gn} is a partition of the vertex set X into subsets called groups; (ii)H is a subset of X
called a hole; (iii)B is an edge-disjoint decomposition of the edge set of K|G1|,|G2|,...,|Gn| (themultipartite complete undirected
graph with G as the partition of the vertex set X) into copies of (blocks) K4− e such that a group and a block contain at most
one common point; and (iv) every pair of points from distinct groups is either in H or occurs in a unique block, but not both.
Suppose (X,H,G,B) is a (K4− e)-IGDD, the multiset {(|Gi|, |Gi ∩H|) : 1 ≤ i ≤ n} is called the type of the IGDD. As with
GDDs, we shall use an ‘‘exponential’’ notation to denote the type.WhenH = ∅, a (K4−e)-IGDD of type {(|Gi|, 0) : 1 ≤ i ≤ n}
is just a (K4 − e)-GDD of type {|Gi| : 1 ≤ i ≤ n}.
A (K4− e)-IGDD (X,H,G,B) is said to be resolvable and denoted by (K4− e)-IRGDD if the block setB can be partitioned
into parallel classes and holey parallel classes, the latter partitioning X \H . In this paper, we shall only use (K4− e)-IRGDDs
of types (h, 0)m−n(h, h)n where h > 0 and m ≥ n ≥ 0. So, we shall simply use h(m,n) to denote the type. A (K4 − e)-IRGDD
of type h(m,1) is just a (K4 − e)-RGDD of type hm.
In this paper, we shall use the following some basic constructions, see, e.g. [7].
Construction 2.4 (Breaking up Groups). If there exist a (K4 − e)-RGDD of type (hm)u and a (K4 − e)-RGDD of type hm, then
there exist a (K4 − e)-RGDD of type hmu and a (K4 − e)-IRGDD of type h(mu,m).
Construction 2.5 (Weighting). Let (X , G,B) be a GDD, and let w : X → Z+ ∪ {0} be a weight function on X . Suppose that
for each block B ∈ B, there exists a (K4 − e)-frame of type {w(x) : x ∈ B}. Then there exists a (K4 − e)-frame of type
{∑x∈Gw(x) : G ∈ G}.
Construction 2.6 (Generalized Frame Constructions). Suppose there is a (K4− e)-frame of type T = {ti : i = 1, 2, . . . , n}. Let
t|ti and b > 0. If there exists a (K4− e)-IRGDD of type t(ti/t+b,b) for i = 1, 2, . . . , n− 1, then there exists a (K4− e)-IRGDD of
type t(u+b,tn/t+b) where u =∑ni=1 ti/t . Furthermore, if a (K4 − e)-RGDD of type t tn/t+b exists, then a (K4 − e)-RGDD of type
tu+b exists.
The following construction can be found in [9].
Construction 2.7 (Inflation). If there exists a (K4− e)-RGDD of type hu and an RTD(3,m), then there exists a (K4− e)-RGDD
of type (mh)u.
3. Existence of (20n,K4 − e, 1)-MRPs
In this section, we will investigate the existence of a (20n, K4 − e, 1)-MRP with 8n − 1 parallel classes. First of all, we
have the following three lemmas by using the familiar difference method.
Lemma 3.1. There exists a (20n, K4 − e, 1)-MRP with 8n− 1 parallel classes for each n ∈ {1, 2}.
Proof. For n = 1, let the vertex set be Z14 ∪ {∞i : 0 ≤ i ≤ 5}. The desired design is obtained by adding 2 (modulo 14)
successively to the following base blocks.
{1, 2,∞0;∞1}, {4, 10, 6; 13}, {5, 9, 8; 11}, {7, 0,∞4;∞5}, {3, 12,∞2;∞3}.
Here, these blocks form an initial parallel class.
For n = 2, let the vertex set be Z40. The desired design is obtained by adding 4 (modulo 40) successively to the following
base blocks.
{39, 10, 28; 16}, {11, 33, 15; 23}, {18, 32, 5; 17}, {20, 24, 1; 22}, {34, 7, 9; 6},
{25, 29, 28; 39}, {26, 22, 31; 33}, {4, 37, 23; 14}, {30, 16, 0; 21}, {12, 15, 7; 18},
{15, 16, 28; 34}, {30, 23, 7; 38}, {4, 19, 12; 13}, {9, 11, 17; 20}, {1, 22, 6; 25}.
Adding 0, 20 modulo 40 to each row, we have three initial parallel classes. Develop them cyclically by adding
0, 4, 8, 12, 16 modulo 40 to obtain a total of 15 parallel classes. This completes the proof. 
Lemma 3.2. There exists a (K4 − e)-RGDD of type 54.
Proof. Let the vertex set be Z20, and let the group set be {{0, 4, 8, 12, 16} + i : 0 ≤ i ≤ 3}. The desired design is obtained
by adding 4 (modulo 20) successively to the following base blocks.
{0, 6, 9; 11}, {1, 7, 8; 10}, {2, 17, 12; 15},
{3, 16, 13; 14}, {18, 19, 4; 5}, {0, 1, 2; 3}.
Here, the last block generates a parallel class by adding 4 (modulo 20). The remaining 5 blocks are an initial parallel class.
This completes the proof. 
890 L. Wang, R. Su / Discrete Mathematics 310 (2010) 887–896
Corollary 3.3. There exists a (K4 − e)-RGDD of type 204.
Proof. Take a (K4 − e)-RGDD of type 54 from Lemma 3.2. Inflate it by an RTD(3, 4) to obtain a (K4 − e)-RGDD of type 204.
The conclusion then follows. 
Lemma 3.4. If n ∈ {3, 5, 6, 7, 8, 10}, then there exists a (K4 − e)-RGDD of type 20n.
Proof. For each n ∈ {3, 5, 6, 7, 8, 10}, let the vertex set be Z20n. The groups of the (K4−e)-RGDD are {{0, n, 2n, . . . , 19n}+i :
0 ≤ i ≤ n− 1}. The desired design is obtained by adding 1 (modulo 20n) successively to the following base blocks.
n = 3 :
Part 1: {0, 1, 11; 14},
Part 2: {0, 2, 19; 28}, {1, 41, 6; 45}, {3, 34, 11; 56}.
n = 5 :
Part 1: {0, 1, 3; 14}, {0, 6, 17; 27}, {0, 7, 26; 29},
Part 2: {0, 4, 12; 28}, {1, 10, 42; 59}, {3, 85, 37; 46}, {7, 74, 38; 51}, {9, 93, 55; 56}.
n = 6 :
Part 1: {0, 1, 3; 10}, {0, 5, 19; 22}, {0, 7, 33; 34}, {0, 11, 46; 49},
Part 2: {0, 4, 20; 25}, {2, 10, 33; 77}, {3, 83, 31; 42}, {6, 38, 67; 89}, {8, 21, 64; 84}, {13, 118, 63; 71}.
n = 7 :
Part 1: {35, 80, 22; 69}, {9, 124, 78; 3}, {18, 75, 93; 104}, {103, 125, 72; 98}, {65, 50, 116; 27},
Part 2: {79, 7, 62; 17}, {2, 83, 46; 50}, {0, 3, 76; 93}, {1, 98, 89; 100}, {4, 136, 120; 124}, {11, 15, 41; 47},
{54, 133, 94; 53}.
n = 8 :
Part 1: {10, 133, 151; 44}, {148, 55, 75; 65}, {140, 42, 1; 118}, {19, 77, 64; 22}, {128, 27, 74; 127}, {150, 159, 5; 69},
{12, 63, 0; 94}, {86, 56, 91; 18}, {26, 43, 153; 137}, {76, 72, 49; 101},
Part 2: {0, 65, 91; 108}, {2, 120, 63; 134}, {3, 117, 101; 19}, {4, 89, 78; 125}.
n = 10 :
Part 1: {0, 15, 34; 53}, {0, 7, 18; 21}, {0, 9, 22; 35}, {0, 1, 3; 6}, {0, 27, 66; 141}, {0, 17, 42; 63}, {0, 23, 54; 81},
{0, 29, 62; 127},
Part 2: {9, 50, 105; 117}, {13, 64, 135; 148}, {2, 26, 58; 119}, {3, 48, 91; 116}, {7, 54, 102; 143}, {19, 71, 140; 147},
{29, 78, 114; 152}, {1, 17, 45; 126}, {16, 73, 110; 155}, {0, 4, 12; 101}.
Here, for every n ∈ {3, 5, 6, 7, 10}, each of the blocks in Part 1 generates 4 parallel classes by adding 1 (modulo 20n),
adding 0, 4n, 8n, 12n, 16n (modulo 20n) to the elements of the blocks in Part 2 forms an initial parallel class. For n = 8,
adding 0, 40, 80, 120 (modulo 160) to the elements of the blocks in Part 1 generates an initial parallel class, and adding
0, 16, 32, . . . , 144 (modulo 160) to the elements of the blocks in Part 2 gives an initial parallel class. This completes the
proof. 
Lemma 3.5. Suppose a TD(6,m) exists. Suppose also there exist (K4− e)-frames of types 20t for t =m, a2 and a (K4− e)-RGDD
of type 20a1+1, where 0 ≤ a1 < m and 0 ≤ a2 ≤ m. If n = 4m+ a1 + a2 + 1, then there exists a (K4 − e)-RGDD of type 20n.
Proof. Truncate 2 groups in a TD(6,m) to sizes a1 and a2. Take a deleted point from the group of size a1 to redefine groups.
This gives a {4, 5, 6,m, a2}-GDD with groups of sizes 4, 5 and a1. Applying Construction 2.5 with weight 20, adjoining 20
infinite points and applying Construction 2.6 with (K4 − e)-RGDDs of types 205, 206, and type 20a1+1, we then get the
design as desired. Here we also need (K4 − e)-frames of types 20u for u ∈ {4, 5, 6} as input designs, which all come from
Theorem 2.1. This completes the proof. 
Let N = {n : a (K4 − e)-RGDD of type 20n exists}.
Lemma 3.6. If n ∈ [27, 28] ∪ [35, 48] ∪ [51,∞), then n ∈ N.
Proof. By Lemma 2.3, there exists a TD(6,m) for anym ≥ 5 andm 6∈ {6, 10, 14, 18, 22}. Applying Lemma 3.5 withm ≥ 5,
a1 = 2 and 4 ≤ a2 ≤ m, we then have [4m+7, 5m+3] ⊂ N . Ifm = 5, then [27, 28] ⊂ N . Ifm = 7, 8, 9, then [35, 48] ⊂ N .
It is easy to check that these intervals overlap whenm runs over [11,∞), so [51,∞] ⊂ N . Here the desired (K4 − e)-frame
of type 20t for t = m, a2 exists by Theorem 2.1. The conclusion then follows. 
Lemma 3.7. If n ∈ {49, 50}, then n ∈ N.
Proof. Start from a TD(5, 11) and truncate a group to size x, where x ∈ {4, 5}. This gives a {4, 5, 11}-GDD of type 411x1.
Give weight 20 to each point of this GDD to obtain a (K4 − e)-frame of type 8011(20x)1. Adding 20 infinite points and using
(K4 − e)-RGDDs of types 20u for u ∈ {5, x + 1} to fill in the holes gives the desired (K4 − e)-RGDDs of types 20n. This
completes the proof. 
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Lemma 3.8. If n ∈ {23, 31, 32, 33, 34}, then n ∈ N.
Proof. For n ∈ {31, 32, 33, 34}, we start from a TD(5, 7) and truncate a group to size x to obtain a {4, 5}-GDD of type
74x1, where x ∈ {2, 3, 4, 5}. Give weight 20 to each point of the GDD to obtain a (K4 − e)-frame of type 1404(20x)1 by
Construction 2.5. Adding 20 infinite points and using (K4− e)-RGDDs of types 20u for u ∈ {8, x+ 1} to fill in the holes gives
the desired (K4 − e)-RGDDs of types 20n. Similarly, for n = 23, we start from a TD(5, 5) and truncate a group to size 2. This
completes the proof. 
Lemma 3.9. If n ∈ {11, 13, 17, 19, 22, 26, 29}, then n ∈ N.
Proof. Start from a (K4 − e)-frame of type (20s)t . Adding 20 infinity points and using (K4 − e)-RGDDs of type 20s+1 to fill
in the holes gives the desired (K4 − e)-RGDDs. We list the suitable parameters such that n = st + 1 below.
n = 11 : s = 2, t = 5;
n = 13 : s = 3, t = 4; n = 17 : s = 4, t = 4;
n = 19 : s = 3, t = 6; n = 22 : s = 3, t = 7;
n = 26 : s = 5, t = 5; n = 29 : s = 4, t = 7. 
Lemma 3.10. If n ∈ {9, 12, 15, 16, 18, 20, 21, 24, 25, 30}, then n ∈ N.
Proof. Take a (K4 − e)-RGDD of type 20t . Inflate it by an RTD(3, s) to obtain a (K4 − e)-RGDD of type (20s)t . Then using a
(K4 − e)-RGDD of type 20s to fill in the holes gives the desired (K4 − e)-RGDDs. We list the suitable parameters such that
n = st below.
n = 9 : s = 3, t = 3; n = 12 : s = 3, t = 4;
n = 15 : s = 3, t = 5; n = 16 : s = 4, t = 4;
n = 18 : s = 3, t = 6; n = 20 : s = 4, t = 5;
n = 21 : s = 3, t = 7; n = 24 : s = 4, t = 6;
n = 25 : s = 5, t = 5; n = 30 : s = 5, t = 6. 
(1)
Theorem 3.11. The necessary condition for the existence of a (K4− e)-RGDD of type 20n, namely, n ≥ 3, is also sufficient except
possibly for n = 14.
Proof. Combining Lemmas 3.4 and 3.6–3.10 and Corollary 3.3, we have the required results. 
Now, we are in a position to show our main result of this section.
Theorem 3.12. There exists a (20n, K4 − e, 1)-MRP with 8n− 1 parallel classes if n 6= 14.
Proof. For n ≥ 3 and n 6= 14, taking a (K4 − e)-RGDD of type 20n and filling in the holes with a (20, K4 − e, 1)-MRP with
7 parallel classes, we then obtain the required (20n, K4 − e, 1)-MRP with 8n− 1 parallel classes. The remaining cases come
from Lemma 3.1. This completes the proof. 
4. Existence of (20n+ 4,K4 − e, 1)-MRPs
In this section, we will investigate the existence of a (20n+ 4, K4 − e, 1)-MRP with 8n+ 1 parallel classes.
Lemma 4.1. There exists a (K4 − e)-RGDD of type 416.
Proof. Let the vertex set be Z64. The groups of the (K4 − e)-RGDD are {{i, 16+ i, 32+ i, 48+ i}|0 ≤ i ≤ 15}. The required
(K4 − e)-RGDD can be obtained by adding 1 (modulo 64) to the following base blocks.
Part 1: {26, 40, 14; 3}, {16, 23, 34; 45}, {4, 60, 43; 63}, {1, 22, 37; 41},
Part 2: {0, 30, 10; 31}, {1, 61, 3; 52}.
Here, adding 0, 16, 32, 48 (modulo 64) to the elements of the blocks in Part 1 gives an initial parallel class. Adding
0, 8, . . . , 56 (modulo 64) to the elements of the blocks in Part 2 forms an initial parallel class. This completes the proof. 
Lemma 4.2. There exists a (20n+ 4, K4 − e, 1)-MRP with 8n+ 1 parallel classes for each n ∈ {0, 1, 2, 3}.
Proof. For n = 0, the case is trivial.
For n = 1, 3, taking a (K4 − e)-RGDD of type 45n+1 (for whose existence, see[10] and Lemma 4.1) and filling in the holes
with a (4, K4 − e, 1)-MRP, we then obtain the required results.
For n = 2, let the vertex set be Z44. The desired design is obtained by adding 2 (modulo 44) successively to the following
base blocks.
Part 1: {0, 22, 1; 23},
Part 2: {32, 23, 6; 41}, {29, 14, 8; 19}, {38, 31, 28; 33},
Part 3: {9, 37, 40; 5}, {29, 21, 10; 35}, {16, 14, 28; 3}, {4, 8, 24; 33}, {12, 19, 20; 39}.
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The block in Part 1 is shot as it generates only 11 blocks. Here, adding 2 (modulo 44) successively to the elements of each
block in Part 2 forms two parallel classes. Adding 0, 22 modulo 44 to the elements of the blocks in Part 3 gives in total 10
blocks. These 10 blocks and the block in Part 1 together give an initial parallel class. This completes the proof. 
Lemma 4.3. There exists a (K4 − e)-RGDD of type 45n+1 for any n ≥ 4.
Proof. Taking a (K4−e)-frame of type 20n from Theorem 2.1, adding 4 infinite points, and filling in the holes with a (K4−e)-
RGDD of type 46, we then obtain the desired designs. 
Now, we are in a position to show our main result of this section.
Theorem 4.4. There exists a (20n+ 4, K4 − e, 1)-MRP with 8n+ 1 parallel classes.
Proof. For n ≥ 4, taking a (K4 − e)-RGDD of type 45n+1 and filling in the holes with a (4, K4 − e, 1)-MRP, we then obtain
the result. The remaining cases come from Lemma 4.2. This completes the proof. 
5. Existence of (20n+ 8,K4 − e, 1)-MRPs
In this section, we will investigate the existence of a (20n+ 8, K4 − e, 1)-MRP with 8n+ 2 parallel classes.
Lemma 5.1. If n ∈ {0, 2, 3}, then there exists a (20n+ 8, K4 − e, 1)-MRP with 8n+ 2 parallel classes.
Proof. For n = 0, let the vertex set be Z8. The block set of the MRP is as follows. Here, each row forms a parallel class.
{0, 1, 2; 3}, {4, 5, 6; 7},
{2, 3, 4; 5}, {6, 7, 0; 1}.
For n = 2, let the vertex set be Z48. The desired design is obtained by adding 2 (modulo 48) successively to the following
base blocks.
{32, 9, 23; 31}, {30, 17, 28; 10}, {25, 24, 14; 27},
{6, 15, 21; 22}, {14, 43, 0; 27}, {47, 7, 17; 11},
{1, 18, 26; 44}, {4, 10, 37; 40}, {5, 36, 32; 33}.
Here, adding 0, 12, 24, 36 (modulo 48) to the first row forms an initial parallel class, and adding 0, 24 (modulo 48) to the
remaining blocks also gives an initial parallel class.
For n = 3, let the vertex set be Z68. The desired design is obtained by adding 2 (modulo 68) successively to the following
base blocks.
Part 1: {0, 34, 1; 35}, {1, 35, 2; 36},
Part 2: {55, 36, 53; 58}, {16, 47, 57; 10}, {43, 34, 37; 64}, {12, 1, 30; 19},
Part 3: {15, 39, 10; 47}, {23, 12, 61; 36}, {55, 64, 41; 4}, {45, 50, 3; 22}, {26, 62, 14; 19}, {9, 25, 65; 29}, {8, 66, 24; 51},
{20, 33, 6; 18}.
Here, the two blocks in Part 1 are shot. Adding 2 (modulo 68) successively to the second block in Part 1 can form one parallel
class, adding 2 (modulo 68) successively to each block in Part 2 can generate two parallel class. Taking the first block in Part
1 and adding 0, 34modulo 68 to the blocks in Part 3 obtain in total 33 blocks. These 33 blocks together give an initial parallel
class. Adding 0, 2, . . . , 32 to the initial parallel class gives 17 parallel classes of the MRP. This completes the proof. 
For given positive integers u and v with u ≡ v ≡ 8, 12 (mod 20), an incomplete maximum resolvable (K4 − e)-packing,
denoted by (K4 − e)-IMRP(u; v), is a triple (X, Y ,B), where X is a u-set, Y (called hole) is a v-subset of X , B is a set of
edge-disjoint copies (blocks) of K4 − e in Ku with vertex set X such that:
(i) |V (B) ∩ Y | ≤ 1 for each B ∈ B, where V (B) is the vertex set of the graph B;
(ii) For every 2-subset {x, y} of X with |{x, y} ∩ Y | ≤ 1, {x, y} is at most one edge of some graph B inB;
(iii) The set B can be partitioned into 2(u − v)/5 parallel classes each of which is a partition of X and b2(v − 1)/5c holey
parallel classes each of which is a partition of X \ Y .
Lemma 5.2. There exists a (K4 − e)-IMRP (28; 8). Hence a (28, K4 − e, 1)-MRP with 10 parallel classes exists.
Proof. Let the vertex set be Z20 ∪ {∞i : 0 ≤ i ≤ 7}. The shot block {0, 10, 1; 11} generates two holey parallel classes. The
eight parallel classes are obtained by adding 5 (modulo 20) to the following base blocks. Here, the blocks of each part form
an initial parallel class.
Part 1: {2, 16, 19;∞0}, {8,∞7, 10; 1}, {4, 0,∞3;∞5}, {12,∞4, 18; 5}, {17, 9, 13;∞1}, {14,∞2, 6; 7}, {15,∞6, 11; 3},
Part 2: {∞5, 1, 13; 17}, {8, 6, 11;∞3}, {0, 3,∞1;∞2}, {2, 4,∞6;∞7}, {5,∞0, 18; 19}, {7, 10, 12; 15}, {9, 16, 14;∞4}.

Now, we are in a position to show our main result of this section.
Theorem 5.3. There exists a (20n+ 8, K4 − e, 1)-MRP containing 8n+ 2 parallel classes.
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Proof. For n ≥ 4, taking a (K4−e)-frame of type 20n, adding 8 infinite points, filling in the holes with (K4−e)-IMRP(28; 8)s
and a (28, K4 − e, 1)-MRP, we then obtain the desired design. The remaining cases come from Lemmas 5.1 and 5.2. The
conclusion then follows. 
6. Existence of (20n+ 12,K4 − e, 1)-MRPs
In this section, we will investigate the existence of a (20n+ 12, K4− e, 1)-MRP with 8n+ 4 parallel classes. We have the
following lemma by using direct constructions, noting that a (K4−e)-RGDD of type 210n+6 is actually a (20n+12, K4−e, 1)-
MRP with 8n+ 4 parallel classes.
Lemma 6.1. There exists a (20n+ 12, K4 − e, 1)-MRP with 8n+ 4 parallel classes for each n ∈ {1, 2, 3, 4, 5}.
Proof. For n = 1, let the vertex set be Z32. The desired design is obtained by adding 2 (modulo 32) successively to the
following base blocks.
{0, 1, 2; 3}, {0, 5, 10; 11}, {0, 4, 12; 17},
{2, 11, 21; 25}, {3, 7, 10; 15}, {8, 29, 14; 22}.
Here, adding 2 (modulo 32) successively to the elements of each of the first two blocks forms two parallel classes, adding
0, 16 (modulo 32) to the elements of the remaining blocks generates an initial parallel class.
For n ∈ {2, 4}, let the vertex set be Z20n+12. The desired design is obtained by adding 2 (modulo 20n+12) successively to
the following base blocks. The total 8n+4parallel classes are obtained by the samemethodused to construct a (68, K4−e, 1)-
MRP in Lemma 5.1.
n = 2 :
Part 1: {0, 26, 1; 27}, {1, 27, 2; 28},
Part 2: {33, 2, 12; 43}, {4, 26, 43; 33}, {2, 5, 39; 0},
Part 3: {16, 40, 8; 22}, {4, 13, 37; 20}, {35, 5, 19; 44}, {3, 47, 15; 49}, {7, 24, 10; 12}, {2, 6, 17; 25}.
n = 4 :
Part 1: {0, 46, 1; 47}, {1, 47, 2; 48},
Part 2: {15, 40, 29; 54}, {23, 42, 49; 84}, {66, 68, 3; 89}, {75, 78, 12; 73}, {33, 39, 54; 88}, {54, 23, 13; 36},
Part 3: {33, 18, 37; 77}, {73, 55, 62; 90}, {60, 63, 85; 7}, {28, 61, 12; 84}, {87, 70, 78; 19}, {2, 26, 6; 54},
{10, 80, 22; 23}, {11, 75, 20; 91}, {5, 25, 59; 67}, {3, 35, 30; 43}, {4, 42, 36; 86}.
For n = 3, let the vertex set be Z72. The desired design is obtained by adding 2 (modulo 72) successively to the following
base blocks.
{32, 21, 34; 43}, {36, 18, 53; 43}, {21, 63, 70; 0}, {47, 8, 18; 61}, {35, 40, 9; 26},
{16, 48, 40; 53}, {31, 35, 32; 63}, {2, 47, 14; 45}, {1, 60, 7; 57}, {42, 0, 46; 22},
{13, 61, 30; 34}, {18, 56, 33; 62}, {3, 23, 15; 41}, {8, 65, 55; 64}.
Here, adding 2 (modulo 72) successively to the elements of each of the blocks in the first row forms two parallel classes,
adding 0, 36 (modulo 72) to the elements of the remaining blocks generates an initial parallel class.
For n = 5, let the vertex set be Z112. The desired design is obtained by adding 1 (modulo 112) successively to the following
base blocks.
{73, 101, 75; 42}, {7, 18, 47; 78}, {109, 100, 33; 67}, {92, 38, 88; 0}, {89, 77, 34; 59},
{110, 47, 22; 95}, {24, 16, 109; 30}, {70, 38, 60; 73}, {0, 65, 99; 111}, {1, 97, 8; 76}, {7, 51, 12; 102}.
Here, adding 16 (modulo 112) successively to the elements of the first four blocks forms an initial parallel classes, adding
28 (modulo 112) successively to the elements of the remaining blocks also generates an initial parallel class. This completes
the proof. 
Lemma 6.2. There exists a (K4 − e)-IRGDD of type 2(96,16).
Proof. Take a (K4 − e)-RGDD of type 46. Inflate it by an RTD(3, 8) to obtain a (K4 − e)-RGDD of type 326. Fill in all the holes
except one with a (K4 − e)-RGDD of type 216. The conclusion then follows. 
Lemma 6.3. For every t ≥ 2, t 6= 11, 13, there exists a (K4 − e)-IRGDD of type 2(30t+16,16). Hence, a (K4 − e)-RGDD of type
230t+16 exists.
Proof. By Theorem 2.1, there exists a (K4 − e)-frame of type 302t+1 for all t ≥ 2, t 6= 11, 13. Add 2 points, and fill in the
holes with a (K4 − e)-IRGDD of type 2(16,1) (The (32, K4 − e, 1)-MRP in Lemma 6.1 is actually a (K4 − e)-RGDD of type 216
with groups {{0, 16} + i : 0 ≤ i ≤ 15}). The conclusion then follows. 
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For most of what follows, we shall investigate the existence of a (20n + 12, K4 − e, 1)-MRP with 8n + 4 parallel
classes for large values of n. First, we establish a preliminary bound and then reduce it. Let S = {n : a (20n + 12, K4 −
e, 1)-MRP with 8n+ 4 parallel classes exists}. We need the following working lemma.
Lemma 6.4. Let x be a nonnegative integer. Suppose a TD(5 + x,m) exists. Suppose also that there exist a (20a + 32, K4 −
e, 1)-MRP with 8a + 12 parallel classes, a (K4 − e)-IMRP (20m + 32; 32) and a (K4 − e)-IMRP (20ai + 32; 32) when x ≥ 1,
where 0 ≤ a ≤ m and 0 ≤ ai ≤ m for 1 ≤ i ≤ x. If n = 4m+∑xi=1 ai + a+ 1, then there exists a (20n+ 12, K4 − e, 1)-MRP
with 8n+ 4 parallel classes.
Proof. Truncate any x+ 1 groups in the TD(5+ x,m) to sizes a1, a2, . . . , ax and a. This gives a {4, 5, . . . , 5+ x}-GDD with
group of sizes m, a1, a2, · · · , ax and a. Applying Construction 2.5 with weight 20, adjoining 32 infinite points and applying
Construction 2.6 with a (20a+ 32, K4− e, 1)-MRP and (K4− e)-IMRPs (20m+ 32; 32) and (20ai+ 32; 32), we then obtain
the design as desired. Here we also need (K4 − e)-frames of types 20u for u ∈ {4, 5, . . . , 5 + x} as input designs, which all
come from Theorem 2.1. This completes the proof. 
Lemma 6.5. Let T = {y : y ≥ 2, y 6= 11, 13}, x be an integer and x ≥ 0. Suppose a TD(5 + x, 3t) exists. Suppose also there
exists a (20a+32, K4−e, 1)-MRPwith 8a+12 parallel classes, where 0 ≤ a ≤ 3t. If 0 ≤ bi ≤ t and bi ∈ T ∪{0} for 1 ≤ i ≤ x,
then 12t + 3∑xi=1 bi + a+ 1 ∈ S.
Proof. For any t ∈ T , there exists a (K4 − e)-IRGDD of type 2(30t+16,16) by Lemma 6.3. It is easy to check that the IRGDD is
also a (K4 − e)-IMRP (60t + 32; 32). Therefore, there exists a (K4 − e)-IMRP(60bi + 32; 32) if 0 ≤ bi ≤ t and bi ∈ T ∪ {0}
for 1 ≤ i ≤ x. Applying Lemma 6.4 withm = 3t , and ai = 3bi for 1 ≤ i ≤ x, we obtain the required results. This completes
the proof. 
Lemma 6.6. If n ≥ 91, then n ∈ S.
Proof. From Lemma 2.3, we have a TD(7, 3t) for any t ≥ 7 and t 6∈ {10, 20}. Applying Lemma 6.5 with x = 2,
t ≥ 7 and t 6∈ {10, 11, 13, 20}, a ∈ {0, 1, 2}, 0 ≤ bi ≤ t and bi 6∈ {1, 11, 13} for i ∈ {1, 2}, we then have
[12t + 6 + 1, 12t + 6(t − 2) + 2 + 1] ⊂ S since [2, 2(t − 2)] ⊂ {b1 + b2 : 0 ≤ bi ≤ t, bi 6= 1, 11, 13, i = 1, 2}.
Here we need a (20a+ 32, K4 − e, 1)-MRP whose existence can be found in Lemma 6.1. It is readily verified that the above
intervals [12t + 7, 18t − 9] overlap when t runs over [7,+∞) \ {10, 11, 13, 20}. The conclusion then follows. 
Lemma 6.7. If 43 ≤ n ≤ 84, then n ∈ S.
Proof. The proof is similar to that of Lemma 6.6. Here, starting from a TD(10, 9) and applying Lemma 6.5 with x = 5, t = 3,
a ∈ {0, 1, 2} and bi ∈ {0, 2, 3} for 1 ≤ i ≤ 5, we then have [36 + 6 + 1, 36 + 45 + 2 + 1] = [43, 84] ⊂ S noting that
[2, 15] ⊂ {b1 + · · · + b5 : bi ∈ {0, 2, 3}}. This completes the proof. 
Lemma 6.8. If n ∈ {85, 86, 87}, then n ∈ S.
Proof. Starting from a TD(7, 21) and applying Lemma 6.5 with x = 2, t = 7, a ∈ {0, 1, 2} and bi = 0 for 1 ≤ i ≤ 2, we then
obtain the desired designs. 
Lemma 6.9. If n ∈ {12, 17, 24, 27, 32, 38, 40, 42, 88}, then n ∈ S.
Proof. Start from (K4 − e)-frames of types (2s)t where s ∈ {25, 35, 45, 55} and t ∈ {5, 7, 9, 11, 13, 17} coming from
Theorem 2.1. Adjoining 2 infinite points and applying Construction 2.6 with (2s+ 2, K4 − e, 1)-MRPs (for whose existence,
see Lemma 6.1) to fill in the holes gives the required results. We list the suitable parameters such that n = st + 1 below.
n = 12 : s = 25, t = 5; n = 17 : s = 35, t = 5;
n = 24 : s = 35, t = 7; n = 27 : s = 55, t = 5;
n = 32 : s = 25, t = 13; n = 38 : s = 35, t = 11;
n = 40 : s = 45, t = 9; n = 42 : s = 25, t = 17;
n = 88 : s = 15, t = 59.

Lemma 6.10. If n ∈ {9, 33, 39, 41, 89}, then n ∈ S.
Proof. Let n = 2t + 1. By Mullin et al. [13], there exists a PBD(v, {4, 5, 7}) for every v ≥ 4 and v 6=
{6, 8, 9, 10, 11, 12, 14, 15, 18, 19, 23, 26, 27, 30, 39, 42, 51, 54}. Remove a point from the PBD(t + 1, {4, 5, 7}) to obtain a
{4, 5, 7}-GDD of type 3a4b6c for some a, b, c ≥ 0. Give weight 40 and use (K4 − e)-frames of type 40i for i = 4, 5, 7 coming
from Theorem 2.1 as input designs to obtain a (K4 − e)-frame of type 120a160b240c . Add 32 infinity points and fill in the
holes using (K4 − e)-IMRPs from Lemmas 6.2 and 6.3, and a (32, K4 − e, 1)-MRP to obtain the desired results. 
Lemma 6.11. If n ∈ {34, 36, 90}, then n ∈ S.
Proof. Start with a TD(5,m) form ∈ {4, 11} and truncate a group to size x, where x ∈ {1, 3}. This gives a {4, 5,m}-GDD of
type 4mx1. Giving weight 20 to each point in the group of size x and 40 to other points, this gives a (K4 − e)-frame of type
160m(20x)1. Adding 32 infinite points and using (K4−e)-IMRP (192, 32)s and a (20x+32, K4−e, 1)-MRP to fill in the holes
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gives the desired (20(8m + x + 1) + 12, K4 − e, 1)-MRP. Here we need a (K4 − e)-frame of type 404201 whose existence
can be found in Lemma 2.2. We list the suitable parameters such that n = 8m+ x+ 1 below.
n = 34 : m = 4, x = 1; n = 36 : m = 4, x = 3;
n = 90 : m = 11, x = 1. 
Lemma 6.12. If n ∈ {15, 23}, then n ∈ S.
Proof. There exists a resolvable 4-GDD of type 34m for all m ≥ 2 (for whose existence, see [10]). By adding infinity points
to complete the parallel classes, we obtain a 5-GDD of type 34m(4m − 1)1. Give weight 10 to obtain a (K4 − e)-frame of
type 304m(40m − 10)1. When m = 2, 3, we can add two points and fill in the holes with (v, K4 − e, 1)-MRPs of orders
v = 32, 72, 112 to obtain the desired designs. 
Lemma 6.13. 21 ∈ S.
Proof. Take a (K4 − e)-RGDD of type 46. Inflate it by an RTD(3, 18) to obtain a (K4 − e)-RGDD of type 726. Fill in the holes
with a (K4 − e)-RGDD of type 236. This completes the proof. 
Lemma 6.14. 35 ∈ S.
Proof. Take a TD(5, 4) and truncate one group to 1 point to obtain a {4, 5}-GDD of type 4411. Give weight 40, add 32 infinity
points and fill in the holes. This gives a (712, K4 − e, 1)-MRP. This completes the proof. 
Note that Lemma 6.3 takes care of a (20n + 12, K4 − e, 1)-MRP with 8n + 4 parallel classes for n ≡ 1(mod 3) and
n 6∈ {34, 40}. Combining Lemmas 6.1 and 6.6–6.14, we have the following theorem, the main result of this section.
Theorem 6.15. There exists a (20n+12, K4−e, 1)-MRPwith 8n+4 parallel classes for n 6∈ {0, 6, 8, 11, 14, 18, 20, 26, 29, 30}.
7. Main results
A (K4− e)-design of order v is a pair (X,B), whereB is an edge-disjoint decomposition of the edge set of Kv with vertex
set X , into copies of (blocks) K4 − e. It is well known (see [2] for example) that a (K4 − e)-design of order v exists for all
v ≡ 0, 1 (mod 5) and v ≥ 6. A (K4 − e)-design is called resolvable if the block setB can be partitioned into parallel classes,
each forming a partition of X . A simple counting argument yields that a resolvable (K4 − e)-design of order v exists only if
v ≡ 16 (mod 20) and v ≥ 16.
Theorem 7.1. ([6,9]) The necessary conditions for the existence of a resolvable (K4 − e)-design of order v, namely, v ≡
16(mod 20) and v ≥ 16, are also sufficient except possibly for v = 116 or v = 296.
Clearly, if v ≡ 16 (mod 20), then the existence of a resolvable (K4− e)-design of order v is equivalent to the existence of
a (v, K4 − e, 1)-MRP with 2(v − 1)/5 parallel classes.
Now we are in a position to prove our main results.
Theorem 7.2. There exists a (v, K4 − e, 1)-MRP with b2(v − 1)/5c parallel classes if and only if v ≡ 0 (mod 4) with possible
exceptions for v = 12, 116, 132, 172, 232, 280, 292, 296, 372, 412, 532, 592, 612.
Proof. The necessity follows from Lemma 1.1. The sufficiency is proved by Theorems 3.12, 4.4, 5.3, 6.15 and 7.1. 
8. Conclusions
In this paper, we have investigated the existence problem on a maximum resolvable (v, K4 − e, 1)-packing with
b2(v − 1)/5c parallel classes, the best possible resolvable packing. We solved the problem with 13 possible exceptions
with v = 612 being the largest.
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